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f(z) =52% + pz? + 270z + q
where p and g are real constants.
Given that 5 — 3+/3i is a root of the equationf(z) =0

(a) show all the roots of f (z) = 0 on a single Argand diagram,
(7)
(b) find the value of p and the value of g.
3)
(Total for Question 1 is 10 marks)

0

(a) Explain why de is an improper integral.
s X(3x-5)

1)
(b) Prove that

de =alnb
s X(3x-5)

where a and b are rational numbers to be determined.
(6)

(Total for Question 2 is 7 marks)
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Initial line

O
P Q
Figure 1
Figure 1 shows a sketch of a curve and a circle with polar equations
Curve:r=3+ 2sin6 0<0<2x
Circle:r=2 0<6<2r

The region R lies inside the circle and outside the curve and is shown shaded in Figure 1.
Show that the area of R is

1

E(m 3+ nﬂ)

where m and n are integers to be determined.

(9)

(Total for Question 3 is 9 marks)
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The plane 771 has equation
r=i-5j+4k+ 4 3i+j—2k) +u(-i+ 2j + k)
where 1 and u are scalar parameters.

(a) Find a Cartesian equation for /71

The line | has equation

x+1 2-y z-1
3 2 4
(b) Find the coordinates of the point of intersection of | with /71

The plane 712 has equation
r.(3i—j+2k)=3
(c) Find, to the nearest degree, the acute angle between 771 and /7>

(4)

3)

@)

(Total for Question 4 is 9 marks)
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Two enzymes, X and Y, are involved in a biological reaction. The amounts in grams
of these enzymes, t minutes after the reaction starts, are x and y respectively and are
modelled by the differential equations

dx =-7x+ 10y - 20
dt
@ - —4x + 5y -3
dt
(&) Show that
2
d—2(+ 2% +5x=70
dt dt
3)
(b) Find, according to the model, a general solution for the amount in grams of
enzyme X present at time t minutes.
(6)
(c) Find, according to the model, a general solution for the amount in grams of
enzyme Y present at time t minutes.
©)
Giventhatx=6andy=7.2whent=0
(d) find
(i) the particular solution for x,
(ii) the particular solution fory.
(4)
A scientist thinks that the biological reaction will have stopped after 5 minutes.
(e) Explain whether this is supported by the model.
1)

(Total for Question 5 is 17 marks)

(i) Prove by induction that forn € Z*
D (2r-1)?= % n(2n-1)(2n +1)
r=1
(6)
(if) Prove by induction that for all positive odd integers n
f(n)=3"+7"

is divisible by 10
(6)
(Total for Question 6 is 12 marks)
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A sample of insects is being studied.
The number of insects, N, in hundreds, is modelled by the differential equation
1
Jt

where t is the time in hours after the start of the study.

dN
24+t)—+ N = 2+t
( )OIt (2+1)

Initially, there are exactly 700 insects in the container.

(a) Determine, according to the model, the number of insects in the container 6 hours
after the start of the study.

(b) Find, according to the model, the rate of change of the number of insects in the
container 36 hours after the start of the study.

(c) State a limitation of the model.

(6)

(4)

1)

(Total for Question 7 is 11 marks)
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