
or

M1: Uses the correct form for the PI and differentiates twice 
M1: Substitutes into the given differential equation and attempts to solve 
A1*: Correct PI 

(iii) 
M1: Uses the model to form and solve the auxiliary equation 
A1: Correct complementary function 
M1: Uses the correct notation for the general solution by combining PI and CF 
A1: Correct General Solution for the model

(b) 
M1: Uses the initial conditions of the model, t = 0 at x = 0, to form an equation in A and B 

M1:  Uses d
d
x
t
  0 at x = 0 in the model to form an equation in A and B 

A1:  Correct PS 
A1:  Obtains 33m using the assumptions made in the model 
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Answer ALL questions.  Write your answers in the spaces provided.

1. The roots of the equation

x3 − 8x2 + 28x − 32 = 0

 are α, β and γ

 Without solving the equation, find the value of

 (i) 
1

α
 + 
1

β
 + 
1

γ

 (ii) (α + 2)(β + 2)(γ + 2)

 (iii) α2 + β 2 + γ 2
(8)
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Question 1 continued
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Answer ALL questions.  Write your answers in the spaces provided.

1. The roots of the equation

x3 − 8x2 + 28x − 32 = 0

 are α, β and γ

 Without solving the equation, find the value of

 (i) 
1

α
 + 
1

β
 + 
1

γ

 (ii) (α + 2)(β + 2)(γ + 2)

 (iii) α2 + β 2 + γ 2
(8)
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Question 1 continued
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2. The plane Π1 has vector equation 

r.(3i − 4j + 2k) = 5

 (a) Find the perpendicular distance from the point (6, 2, 12) to the plane Π1
(3)

 The plane Π2 has vector equation 

r = λ(2i + j + 5k) + μ(i − j − 2k)

 where λ and µ are scalar parameters.

  (b) Show that the vector −i − 3j + k is perpendicular to Π2
(2)

 (c) Show that the acute angle between Π1 and Π2 is 52° to the nearest degree.
(3)
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Question 2 continued
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(Total for Question 2 is 8 marks)
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2. The plane Π1 has vector equation 

r.(3i − 4j + 2k) = 5

 (a) Find the perpendicular distance from the point (6, 2, 12) to the plane Π1
(3)

 The plane Π2 has vector equation 

r = λ(2i + j + 5k) + μ(i − j − 2k)

 where λ and µ are scalar parameters.

  (b) Show that the vector −i − 3j + k is perpendicular to Π2
(2)

 (c) Show that the acute angle between Π1 and Π2 is 52° to the nearest degree.
(3)
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Question 2 continued
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3. (i)

M = 
2 4
1 1 1
1 2 1

a
− −

− −















  where a is a constant.

  (a) For which values of a does the matrix M have an inverse?
(2)

  Given that M is non-singular,

  (b) find M−1 in terms of a
(4)

 (ii) Prove by induction that for all positive integers n,

3 0
6 1

3 0
3 3 1 1







=
−( )







n n

n

(6)
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Question 3 continued
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3. (i)

M = 
2 4
1 1 1
1 2 1

a
− −

− −















  where a is a constant.

  (a) For which values of a does the matrix M have an inverse?
(2)

  Given that M is non-singular,

  (b) find M−1 in terms of a
(4)

 (ii) Prove by induction that for all positive integers n,

3 0
6 1

3 0
3 3 1 1







=
−( )







n n

n

(6)
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Question 3 continued
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(Total for Question 3 is 12 marks)
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4. A complex number z has modulus 1 and argument θ.

 (a) Show that

z n + 1
zn  = 2cos nθ,    n ∈ +

(2)

 (b) Hence, show that

cos4 θ = 
1
8
(cos 4θ + 4cos 2θ + 3)

(5)
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Question 4 continued
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4. A complex number z has modulus 1 and argument θ.

 (a) Show that

z n + 1
zn  = 2cos nθ,    n ∈ +

(2)

 (b) Hence, show that

cos4 θ = 
1
8
(cos 4θ + 4cos 2θ + 3)

(5)
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Question 4 continued
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5.
y = sin x sinh x

 (a) Show that 
d
d

4

4
y

x
 = −4y

(4)

 (b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each 
coefficient in its simplest form.

(4)

 (c) Find an expression for the nth non-zero term of the Maclaurin series for y.
(2)
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Question 5 continued
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5.
y = sin x sinh x

 (a) Show that 
d
d

4

4
y

x
 = −4y

(4)

 (b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each 
coefficient in its simplest form.

(4)

 (c) Find an expression for the nth non-zero term of the Maclaurin series for y.
(2)
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Question 5 continued
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6. (a) (i) Show on an Argand diagram the locus of points given by the values of z satisfying

| z − 4 − 3i | = 5
  Taking the initial line as the positive real axis with the pole at the origin and given that 

  θ ∈ [α, α + π], where α = − arctan  4
3







,

  (ii) show that this locus of points can be represented by the polar curve with equation

r = 8 cos θ + 6 sin θ
(6)

 The set of points A is defined by

{ }: 0 arg : 4 3 5

3

πA z z z z = ∩ − − 
 

i� � �

 (b) (i) Show, by shading on your Argand diagram, the set of points A.

  (ii) Find the exact area of the region defined by A, giving your answer in simplest form.
(7)
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Question 6 continued
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6. (a) (i) Show on an Argand diagram the locus of points given by the values of z satisfying

| z − 4 − 3i | = 5
  Taking the initial line as the positive real axis with the pole at the origin and given that 

  θ ∈ [α, α + π], where α = − arctan  4
3





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,

  (ii) show that this locus of points can be represented by the polar curve with equation

r = 8 cos θ + 6 sin θ
(6)

 The set of points A is defined by

{ }: 0 arg : 4 3 5

3

πA z z z z = ∩ − − 
 
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 (b) (i) Show, by shading on your Argand diagram, the set of points A.

  (ii) Find the exact area of the region defined by A, giving your answer in simplest form.
(7)
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Question 6 continued
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7.  At the start of the year 2000, a survey began of the number of foxes and rabbits on an 
island.

 At time t years after the survey began, the number of foxes, f, and the number of rabbits, r, 
on the island are modelled by the differential equations

d
d
f
t
 = 0.2 f + 0.1r

d
d
r
t  = –0.2 f + 0.4r

 (a) Show that 
d
d

2

2
f

t  – 0.6 
d
d
f
t
 + 0.1 f = 0

(3)

 (b) Find a general solution for the number of foxes on the island at time t years.
(4)

 (c) Hence find a general solution for the number of rabbits on the island at time t years.
(3)

  At the start of the year 2000 there were 6 foxes and 20 rabbits on the island.

 (d) (i) According to this model, in which year are the rabbits predicted to die out?

  (ii) According to this model, how many foxes will be on the island when the rabbits 
die out?

  (iii) Use your answers to parts (i) and (ii) to comment on the model.
(7)
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Question 7 continued
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7.  At the start of the year 2000, a survey began of the number of foxes and rabbits on an 
island.

 At time t years after the survey began, the number of foxes, f, and the number of rabbits, r, 
on the island are modelled by the differential equations

d
d
f
t
 = 0.2 f + 0.1r
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 (a) Show that 
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 + 0.1 f = 0

(3)

 (b) Find a general solution for the number of foxes on the island at time t years.
(4)

 (c) Hence find a general solution for the number of rabbits on the island at time t years.
(3)

  At the start of the year 2000 there were 6 foxes and 20 rabbits on the island.

 (d) (i) According to this model, in which year are the rabbits predicted to die out?
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  (iii) Use your answers to parts (i) and (ii) to comment on the model.
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