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Answer ALL questions.  Write your answers in the spaces provided.

1. (a) Find
1
6 252x x

x
+ +∫ d

(3)

 (b) Hence find the exact value of

1 25
6 252

3

1

−
+ +





−∫ x x

xd

  giving the answer in simplest form.
(3)

 A student claims that the magnitude of the answer to part (b) gives the total area bounded

 by the curve  y
x x

= −
+ +

1 25
6 252

  and the x-axis between the line  x = −3  and the line  x = 1

 (c) State, with a reason, whether or not the student is correct.
(1)
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Question 1 continued
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2. A company operating a coal mine is concerned about the mine running out of coal.  It 
is estimated that 2.5 million tonnes of coal are left in the mine.  The company wishes to 
mine all of this coal in 20 years.

 In order to mine the coal in a regulated manner, the company models the amount of coal 
to be mined in the coming years by the formula 

M
r rr =

+ +
10
8 152

 where Mr is the amount of coal, in millions of tonnes, mined in year r , with the first year 
being year 1

 (a) Show that, according to the model, the total amount of coal, in millions of tonnes, 
mined in the first n years is given by 

T n n
k n nn = +

+( ) +( )
9 41
4 5

2

  where k is a constant to be determined.
(6)

 (b) Explain why, according to this model, the mine will never run out of coal.
(2)

 The company decides to mine an extra fixed amount each year so that all the coal will be 
mined in exactly 20 years.

 (c) Refine the formula for Mr so that 2.5 million tonnes of coal will be exhausted in 
exactly 20 years of mining.

(2)
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Question 2 continued
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Question 2 continued
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Question 2 continued
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3.

P =






3 3
4 7

 The matrix P represents a linear transformation, T, of the plane.

 (a) Describe the invariant points of the transformation T.
(3)

 (b) Describe the invariant lines of the transformation T.
(6)
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Question 3 continued
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4. (a) Using the identity  zz* = | z |2 ,  or otherwise, show that if w is any root of unity then

| w − 2 |2 = 5 − 2(w + w*)
(3)

A1

A2

A3

A4

A5

A6

A7

XO

Figure 1

 Figure 1 shows a regular heptagon  A1 A2 A3 A4 A5 A6 A7  whose vertices all lie on the unit 
circle with centre at the origin O and A1 at (1, 0). The point X lies in the same plane as 
the heptagon and has coordinates (2, 0).

 Using the result given in part (a), 

 (b) find  XAi
i

( )
=
∑ 2

1

7

(4)
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Question 4 continued
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5.
y = arctan(sinh( x ))

 (a) Show that  d
d

d
d

d
d

3

3

3

2y
x

y
x

y
x

= − 





(7)

 (b) Hence find d
d

5

5

y
x

 in terms of d
d
y
x

, d
d

2y
x2

 and d
d

3y
x3

(4)

 (c) Find the Maclaurin series for y, in ascending powers of x, up to and including the 
term in x5

(3)
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Question 5 continued
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Question 5 continued
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Question 5 continued
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6. A damped spring is part of a car suspension system.  In tests for the system, a mass is 
attached to the damped spring and is made to move upwards in a vertical line.

 The motion of the system is modelled by the differential equation 

d
d

d
d

e
2

2
36 9 2x

t
x
t

x t+ + = −

 where x cm is the vertical displacement of the mass above its equilibrium position and t is 
the time, in seconds, after motion begins.

 In one particular test, the mass is moved to a position 20 cm above its equilibrium 
position and given an initial velocity of 1 ms−1 upwards.  For this test, use the model to

 (a) find an equation for x in terms of t,
(9)

 (b) find, to the nearest mm, the maximum displacement of the mass from its 
equilibrium position.

(3)

 In this test, the time taken for the mass to return to its equilibrium position was measured 
as 2.86 seconds.

 (c) State, with justification, whether or not this supports the model.
(1)
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Question 6 continued
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Question 6 continued
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Question 6 continued
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7.
y

xO

12

8
C2

k cmC1

k cm

Diagram not 
to scale

1
2
12,





1
2
8,





Figure 2

 Figure 2 shows a sketch of the cross-section of a design for a child’s spinning top.  The top 
is formed by rotating the region bounded by the y-axis, the curve C1 , the curve C2 , the line 

 with equation x = 
1
2

 and the line with equation y = 12, through 360° about the y-axis.

 The curve C1 has equation 

y k x x k=
2
3

1
3 0 

 and the curve C2 has equation 

y k k k x
k

x k= − − −
−

32 32 4
4 1

1
2

2 2

2

( )  

 (a) Show that  ( ) ( ) ( )4 1 32 1
2
8 4 32 82 2 3 2

8

k y k k y k k k k
k

− − −( ) = − − + −( )∫ d

(3)

 Hence find

 (b) the value of k that gives the maximum value for the volume of the spinning top,
(9)

 (c) the maximum volume of the spinning top.
(3)
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Question 7 continued
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Question 7 continued
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Question 7 continued
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Question 7 continued
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(Total for Question 7 is 15 marks)
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