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1 a Using partial fractions, we find that

1

1 1 1

(r+2)(r+4) 2(r+2) 2(r+4)
So we can now use the method of
differences to find
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B n(7n+25)

24(n+3)(n+4)

Note that most middling terms have
cancelled with each other.

p=1,

q=25.

For the base case, n =1,
(1) =2 +3’ =35 is divisible by 7.
We assume that the statement holds true
for n=k. Thatis f(k)=2""+3""is
divisible by 7.
Now for n=k +1,
f(k + 1) — 2k+3 + 32k+3

— 2(2k+2)+ 32 (32k+1)

— 2 (2k+2 ) + 9 (32k+1 )

— 2 (2k+2 ) + 2 (32k+1 ) + 7 (32k+1 )

= 2f (k) +7(3*").
Since f(k) is divisible by 7, f(k+1) is
also divisible by 7 and the statement holds

for n=k+1.

The result is true for the base case n =1,
and if it is true for n =k then it is true for
n =k +1. By mathematical induction, the
result is true for all positive integers n.

2 a Since all coefficients of f(x) are real, that

means if there is a complex number as a
root of the equation, there must also be the
complex conjugate of that number as a
root of the equation. In this case this
means that since 1+4i is aroot, 1—4i
also is a root.

f(z):z4 +az’ +30z° + bz +85
Since f(1+4i)=0 and f(1-4i)=0,
both [ z—(1+4i)] and [ z—(1-4i)]
are factors of f(z)

Therefore

[z—(1+4i)][z-(1-4i)]=[ 2 =2z+17]

is also a factor of f(z)

We write
f(z) :[22 —2Z+17}[22 +kz+5]

Equating coefficients of z° gives
30=17+5-2k

So k=-4

Therefore

f(z)= [22 —22+17}[22 —4Z+5]

Solving z* —4z+5=0leads to

4+416-20
2

z =241

Thus we conclude that all the roots of the
equation f(x) are
1+4i, 1-4i, 2+i and 2—1i.

4] pl+4i

—47 1-4
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3 First we need to find the point for which the

tangent to the curve is perpendicular to the
initial line. We form an expression for x and
differentiate with respect to & .

x=rcosf

=6sin20cosd
dx } }
@ =12cos28cosf@—6sin28sin @

=12(2cos’ @—1)cos@—12cosBsin” O

=36c0s’ @ —24cosf

=12cos@(3cos’ 6-2).
We now solve equal to 0 in order to find our
required € values. We choose to neglect the
solutions arising from the cos@=0 factor,
since a tangent at the origin is not what we

are looking for even though it is
perpendicular to the initial line.

2
S0, 3cos’@ -2 =0 gives cosd = i\/; and
we choose to neglect the negative solution
since 0 < 0 < g

Thus our tangent perpendicular to the initial

2
line occurs at =6, =arccos (\/;J

To find the area of the region, we will need
to find the area of the sector that lies between

0<O<0, as shown in the diagram (red
region).

=Y

SolutionBank

0,
A, = 1 [ (6sin20y*do
2 0
gA
=18 (sin’ 26)d6
0
0,
=9[ (1-cos40)do
0

=9[0_sm40}
4

0,

0

=90, —%sin40A

a2 s )

~4.13.
Now we find the area of the right-angle
triangle bounded by the horizontal axis, the
tangent and the line OA.
Using the formula

A, = % x Base x Height

Ly
> y

=%r2 |cos@||siné |

=18(sin* 26) |cos @ || sin 4 |
and substituting in d=6,, we find that

Aﬁmﬁ.

3
So, our shaded region is
A = Am - Asector
= @ -4.125...
3
~ 3.42 units’ (3sf).
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4 a We evaluate the differentials at 0 until we 6 The vertices (0,2), (k,0) and (0,8) forma
have three non-zero terms.
f(x) =cosxsinh2x =f(0)=0

£'(x) = 2cosxcosh2x —sin xsinh2x = £'(0) =2 The matrix (
£"(x) =3cosxsinh2x —4sin xcosh2x =f"(0) =0
£"(x) =2cosxcoshx—11sinxsinhx =f"(0) =2

triangle with area 3k .

2 2) .
5 increases the area by a

factor of (2x5)—(2x-3)=16.

4 ) ) ” So, Area(T) = @ = ﬂ
£ (x) =—7cosxsinh2x —24sinxcosh2x =f*(0) =0 16 2
£ (x) =—38cos x cosh.x —41sin xsinhx = (0) =—38. When we set this equal to the area of T', we
obtain
Now we use the standard Maclaurin series 1 57

! X —x(8- 2) Xk =—
expansion and obtain 2 2

5
cos xsinh 2x ~ 2x+%+ 38x 57

5! 2
3 5 57 19
:2x+x__l9x . k=—=—
3 60
k=9.5.

b Using the approximation,
£(0.1) = cos0.1sinh (2x0.1)

1
1
7 a
5 01+0.13 19%0.1° '[\/x2+2x+ J‘«/(x+1) +1
~ 2 XU. —
3

60 Set u = x+1, du =dx then the 1ntegral
1201981
~ 6000000 becomes I /7_ = I ke
1201981 (x+1)> +1 u +1
‘— 050.15inh(2x0.1)‘ Now set
error = [©000000 - x100 v = arsinhu
cos0.1sinh (2 x0.1) ‘ ,
= u =sinhv,
=2.754x107° %(4sf). du = coshvdv = v/1+sinh? vdv = v/1+u*dv.
Thus the integral now becomes
5 S kn th t 2 arsinh 2
1ncel we Know tha . J- 21 du = J- \/u—+dv
j 5 =—arcta (—J+C, we can oVu© +1 Vu? +1
a +x a arsinh 2
compute = J. 1dv
L 1 X 0
=| — t _ arsinh 2
-([x2+4 [ arc an[zﬂ _[V]o

1 =arsinh2

= —arctan| — Now in order to find the mean value of
2 2

f(x) over [-1,1] we calculate

) L T

Now, since arctan (EJ - 5 as L — oo, we

arsinh2 ~ 0.722 (3 d.p.)
can conclude that the integral -(=1)
L

I 21 4dx—>§ as L — oo.
o X+
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7 b The mean value of f(x)+2 over [-1,1] is

1 ¢ 1
1—(—1)I(Jx2+2x+2+2jdx
== j %2 dx+lj2dx

~0.722 Jr%[zx]1

-1

=0.722 + 4
2

=2.722 3dp.)

8 The point A has x =4 and so we find

the y and z coordinates by solving

4-3 y-2 z-1
-1 =2 3
y—2

L S 1= y=4,
-2 Y
L S S
3

So we have the coordinates (4,4,-2)
for the point A.

Next we find the perpendicular distance
between A and [].

Substituting (4,4,—2) and the coefficients of
2x—-y+3z—-4=0 into

|ax, + by, + cz, +d| 314

- gives
\/a + b+

dist =

Thus there is a distance of 3

A and 1.
There will be the same distance between A4'
and [1.

This means the distance between 4 and A4'

S6Jﬁ
—

between
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9 a We look for a particular solution of the
form
x=A+Bsint + Ccost,

%=Bcost—Csint,
dt

d’x )

— =—Bsint—Ccost.

dr
Now substituting these expressions into
the differential equation:

—Bsint —Ccost
+2(Bcost—Csint)
+3( A+ Bsint + Ccost)

=214+15cost
which simplifies to

34+2(B-C)sint+2(C + B)cost

=21+15cost

Comparing coefficients gives
A=17

B-C=0=>B=C

15
2><2C:15:B:C:?.
Thus we have the particular solution

x=7+%5(sint+cost).
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9 b The auxiliary equation ism’ +2m+3=0,

_2+44-12

) ) m=
with solutions

2
—_1+iV2.

Thus we have the complementary function
x, =e' (D cos(\/it) + Esin(\/it)).

We now add the complementary function
and the particular integral we found in the
previous part in order to obtain the general
solution

x, =€’ (Dcos(\/it)+Esin(\/§t))+7+lzs(sint+oost).

The first derivative of the general solution
is

% =e (—\/ED sin(\/it) +\2E cos(ﬁt))
e (D cos(\/it) + Esin(\/it))

15 :
+7(cost —sint).
Now we use the initial conditions

x(0)=2, %(0) =3 in order to find

D and E.

15 43
x.(0)=D+7+—=D+—=2
+(0) 2 2
p--3

4
Y6 gy 2E-D+12 =3
dt 4
V2E=3-2
4
4

Thus we have the solution

x=e" (—? cos(ﬁt) - 19;/5 sin(ﬁt)j

+%5(sint+cost)+7

¢ Ast— oo, x—>%5(sint+cost)+7which

1s an oscillation about x = 7.
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